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A NOTE ON HUIJSMANS-DE PAGTER PROBLEM IN ORDERED
BANACH ALGEBRAS
ROMAN DRNOVSˇEK
Abstract. We give an example of a positive element a in some ordered Banach algebra
A such that its spectrum is equal to {1} and it is not greater than or equal to the unit
element of A.
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Let A be a complex Banach algebra with unit e. A nonempty set C is called a cone
of A if C + C ⊆ C and λC ⊆ C for all λ ≥ 0. If, in addition, C ∩ (−C) = {0}, then C
is said to be a proper cone. A cone C of A is closed if it is a closed subset of A. Any
proper cone C induces an ordering ≤ in the following way: a ≤ b ⇐⇒ b − a ∈ C. It is
easy to see that this ordering is a partial order (reflexive, antisymmetric, and transitive).
Clearly, C = {a ∈ A : a ≥ 0}, and so elements of C are called positive. A proper cone C
of A is normal if there exists a constant α > 0 such that it follows from 0 ≤ a ≤ b that
‖a‖ ≤ α‖b‖. A cone C is called an algebra cone of A if C ·C ⊆ C and e ∈ C. In this case
A is called an ordered Banach algebra. For a general survey on ordered Banach algebras
we refer to a recent paper [6] and the references given there.
As it is mentioned in [8], Huijsmans and de Pagter posed the following question: If
T is a positive operator on a complex Banach lattice E with the spectrum σ(T ) = {1},
does it follow that T is greater than or equal to the identity operator I? This question
was studied in the papers [7], [8] and [2]. In particular, Zhang [8] showed that the answer
is affirmative under the additional hypothesis that there exist α ∈ (0, 1
2
) and a constant
c ≥ 0 such that ‖T−n‖ = O(exp(cnα)) as n → ∞. On the other hand, it was shown in
[2] that a positive operator T on E is greater than or equal to the identity operator I
provided limn→∞ n ‖(T − I)
n‖1/n = 0. This assumption clearly implies that σ(T ) = {1}.
In general this problem that is important for the spectral theory of positive operators is
still open.
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In [5] this question was investigated in the context of ordered Banach algebras, that is,
the paper gave some conditions under which a positive element a in an ordered Banach
algebra with σ(a) = {1} is necessarily greater than or equal to the unit element. However,
[5] did not provide any example of a positive element a in some ordered Banach algebra
such that σ(a) = {1} and a is not greater than or equal to the unit element. In the
present note we give such an example.
Let B be a complex unital Banach algebra with unit e, and let A be the algebra B×C
endowed with multiplication (a, ξ) · (b, η) = (ab, ξη). If we define the norm on the algebra
A by ‖(a, ξ)‖ = max{‖a‖, |ξ|}, then A becomes a unital complex Banach algebra with the
unit (e, 1). Observe that σ((a, ξ)) = σ(a)∪{ξ} for all a ∈ B and ξ ∈ C. Furthermore, if B
is a C∗-algebra, then A is also a C∗-algebra with the involution defined by (a, ξ)∗ = (a∗, ξ).
Lemma 1. The Banach algebra A is an ordered Banach algebra with the algebra cone
K = {(a, ξ) ∈ A : ‖a‖ ≤ ξ}
that is proper, closed and normal. Furthermore, if e 6= a ∈ B, ‖a‖ = 1 and σ(a) = {1},
then (a, 1) ∈ K, σ((a, 1)) = {1} and (a, 1)− (e, 1) 6∈ K.
Proof. It is easy to see that K is an algebra cone that is proper and closed. To show
its normality, assume 0 ≤ (a, ξ) ≤ (b, η), so that ‖a‖ ≤ ξ and ‖b − a‖ ≤ η − ξ. Then
‖a‖ ≤ ξ ≤ η, and so ‖(a, ξ)‖ ≤ η ≤ ‖(b, η)‖. This shows that K is a normal cone.
Assume that e 6= a ∈ B, ‖a‖ = 1 and σ(a) = {1}. Then (a, 1) ∈ K, σ((a, 1)) =
σ(a) ∪ {1} = {1} and (a, 1)− (e, 1) = (a− e, 0) 6∈ K, since ‖a− e‖ > 0. 
The ordered Banach algebra A was used in [4] to prove some theorems for elements of
B by working in A. We also mention that K is an ice-cream cone in the normed space A
(according to the definition in [1]), as (a, ξ) ∈ K iff ‖(a, ξ)‖ ≤ ξ.
We now prove the main result of this note.
Theorem 2. There exist an ordered Banach algebra A with a closed and normal algebra
cone and a positive element a ∈ A such that σ(a) = {1} and a is not greater than or equal
to the unit element of A.
Proof. Let B be the Banach algebra of all bounded linear operators on the Hilbert space
L2[0, 1], and let A = B×C be an ordered Banach algebra as defined above. Let V be the
Volterra operator on L2[0, 1], that is, the operator defined by
(V f)(x) =
∫ x
0
f(y) dy (f ∈ L2[0, 1], x ∈ [0, 1]).
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Since σ(V ) = {0}, the operator T = (I + V )−1 has the spectrum σ(T ) = {1}, and it is
not equal to the identity operator I. It is shown in [3, Problem 190] that ‖T‖ = 1. Then
it follows from Lemma 1 that (T, 1) ∈ K, σ((T, 1)) = {1} and (T, 1)− (I, 1) 6∈ K. 
Infinite-dimensionality of the Hilbert space L2[0, 1] is essential in the proof of Theorem
2, as we have the following observation.
Proposition 3. Let B be the Banach algebra of all linear operators on a finite-dimensional
Hilbert space, and let A = B × C be an ordered Banach algebra as defined above. If
(A, ξ) ∈ K with σ((A, ξ)) = {1}, then (A, ξ) is equal to the unit element (I, 1) of A.
Proof. Since σ((A, ξ)) = {1} and ‖A‖ ≤ ξ, we have σ(A) = {1}, ξ = 1, ‖A‖ = 1, and A
is unitarily equivalent to triangular matrix that has only 1’s on the diagonal. Its norm
can be 1 only in the case when A = I. 
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